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The development of composites with self-diagnostic capabilities is based on the anal-
ysis of a mathematical model of the structure. The method is illustrated for a vibrating
cantilevered plate and analyzed considering damping. Damage is modeled as an elastic
joint, and the spectrum of natural frequencies is calculated for different positions and
magnitudes of the elastic joint. Small sensors consisting of tungsten filaments coated
with ZnQO are embedded in the plate, and their output is modeled. The solution of the
inverse problem depends on the position and extent of damage which can be uniquely
solved if the system is not overdamped with respect to the primary frequency. Higher
modes have a decreasing contribution to the signal output; when the primary mode is
overdamped, only the secondary frequency can be detected reliably. The solution to the
inverse problem is no longer unique; there are as many as three different solutions
(damage position and extent of damage) all of which produce the same signal outpu.

Introduction

The detection of cracks or damaged regions is one of the
aspects in the development of smart materials attracting much
interest. A further challenge is the estimation of the magni-
tude of the damage. Material structures which have the capa-
bility to do their own heaith-monitoring can be used as criti-
cal components in larger systems. Galea et al. (1993) con-
ducted tests on carbon fiber/epoxy resin composites which
form part of an aircraft. Polyvinylidene fluoride (PVDF) films
were bonded to the surface of the composite. The specimens
were externally loaded at a constant frequency. Fastener holes
were then drilled and metal fixtures were fitted in them to
simulate composite-to-metal joints. The amplitude of the out-
put signal of the piezoelectric PVDF films were compared
with the output for specimens without fastener holes. Dam-
age detection was based only on changes in the amplitudes.
Smaller films located near the damaged area showed bigger
changes in amplitude ratio. This is expected, since the changes
due to damage will be masked when sensors measure over a
larger area.

PVDF films cannot be used for subcutaneous interroga-
tion, and embedded sensors must be considered. However,
there are two factors which weigh against embedded sensors.
They can compromise the strength of the material and their
mere presence can alter the strain field they are supposed to
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measure. The ideal embedded sensor must be unobtrusive
and must have high strain to failure. Carman and Reifsnider
(1993) suggested that the most plausible geometry to be used
for embedded sensors is a continuous cylinder. The most
popular choice for continuous cylindrical fibers is still optic
fibers, although alternatives are being investigated, such as
nitinol fibers. Another attractive alternative is ZnO-coated
tungsten fibers. These coated fibers are outstanding in terms
of their structural strength and small size. These sensors are
almost unobtrusive towards the host material in terms of dis-
torting the stress ficld, lowering the structural strength, or
modifying microcrack distribution. A further advantage of the
cylindrical sensor is its ability to measure the field locally.
When sensors measure a field (thermally, chemically, or me-
chanically) over a relatively large area of the host material,
local variations (or damage structure) can be masked by adja-
cent regions.

In this article we want to develop some ideas around the
embedding of cylindrical sensors in a composite and the in-
terpretation of signal output to detect the location and mag-
nitude of damage. The basis of our approach is that locally
damaged areas will cause a shift in the natural frequency
spectrum, Adams et al. (1978) provides a good discussion on
the advantages of natural frequency measurements over other
nondestructive tests to detect damage in structures. When
composites are damaged, an increase in damping and a re-
duction in stiffness are usually observed leading to changes in
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the natural frequencies. This idea has been used by several
researchers to detect damage in offshore structures {(cf. refer-
ences in Yuen, 1985). Other applications include the moni-
toring of rotating machines (Dimarogonas and Papadopou-
los, 1983). Yuen (1985) analyzed a cantilevered beam by fi-
nite elements method. Damage was modeled as changes in
the Young’s modulus and both changes in frequencies and
the shape of the eigenfunctions were calculated. Cawley and
Adams (1979) also used finite elements to model the natural
vibrations of a plate, and they developed a method of sensi-
tivity analysis to find the location of the damage. Although
good agreement was found with experimental results, the
method requires considerable computing time and additional
measurements to predict where the damaged area is located.

In previous studies on the shift in natural frequency spec-
tra with increasing damage, two factors have not been ad-
dressed satisfactorily. The aspect of damage has either been
modeled as a change in cross section (cf. Sato, 1983) or as
changes in the Young’s modulus (Yuen, 1985). We use the
concept of an elastic joint to describe damage; it is mathe-
matically well-defined and physical changes of the system can
be easily related to our dimensionless parameter that quanti-
fies the damage. The second aspect which has been largely
overlooked, is the role of damping. It is known that damping
affects the frequency (different types of damping affect the
spectrum differently). To illustrate the methodology, a can-
tilevered plate is chosen. Viscous damping is also considered
in the analysis. Damage (crack) is modeled as an elastic joint,
and the spectrum of natural frequencies is calculated for dif-
ferent positions and magnitudes of the elastic joint. Small
sensors consisting of tungsten filaments coated with ZnO are
embedded in the plate and their output is modeled. The in-
verse problem is also addressed. We analyze the sensor out-
put and try to identify the location of the elastic joint and its
magnitude.

Model for Cantilevered Plate

We will only consider one-dimensional transversal vibra-
tions. It is also assumed that the plate can be modeled as a
one-dimensional continuum. Reismann (1988, p. 115) showed
that in the case of pure bending, the solution for the plate
problem approaches the solution for a beam as the width be-
comes smaller. In this study we will consider plates with as-
pect ratios L:W:H in the order of 10:1:0.1. Let A,, denote the
mass per unit length of the plate (A, = pWH) and the plate
bending stiffness D = E. 1, where the moment of inertia I =
WH?/12. Defining the dimensionless variables ¢ = x/L, u=
U/L,and 7 = t‘/D/L“/\m , the transversal displacement is given
by

3%u o%u Ju
- (1)

The dimensionless viscous damping parameter o, is defined
in terms of the damping coefficient C as CL%*/y/A,,D . Dam-
age in the plate will be modeled as an elastic joint. Consider
a local section of the plate, with length [ << L. In this section
D differs from the rest of the plate and is denoted as D,.
Define
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as a dimensionless measure of the magnitude of the damage.
The damage is modeled in a point, and it can be shown that
the following jump condition holds across /

Ju 3%u

Note that [-]=(-)* —(-)~. The problem can be solved using
separation of variables, i.e, u= X(£)T(7).

In dimensionless form, the damage is located at £ =vy. The
boundary conditions are

X=—= =0 (4)
Tam% T
= dXx 5de_ d*x 3 d’x ~o Y (5)
b R iR P R
EX_IX_ =1 ()
@t AT

The eigenvalue problem
—7=AX @)

can be solved to find the eigenvalues A;. Although the values
for A;s are independent of «,, they are influenced by & and
v. The solution of T(r) involves the following characteristic
equation

0+ apw+ A =0. 8)

If a2 =4)\, the plate is overdamped and no oscillations of
the ith mode will occur. It is clear that the primary eigen-
value is more likely to be damped than higher order modes.

We assume that the initial state is the equilibrium solution
for a constant load at the free end

3 1
u(O,§)=h[E§2—E§3], E<vy 9

3 1
R A T |
u(0,§)—-h[2§ 2§

+36(1—y)§—38(1—‘y)}'], Ezy Q0

where A is a dimensionless displacement at the free end. The
eigenfunctions are complete and can be used as a basis to
approximate (0, £). For this choice of initial condition, the
Fourier coefficients converge rapidly and the first four modes
give a good approximation of the initial state.

The only parameter that is problematic to quantify is the
damping coefficient C. Estimates can be obtained from ana-
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lyzing experimental data, measuring the decay in amplitude.
However, the parameter appears in the exponent and it is
quite sensitive to inaccuracies. A further test to crosscheck C
is to vary the free length of the plate and determine the length
where the first mode becomes overdamped. Damping plays
an important role in the inverse problem. For example, in
overdamped systems, the parameters ¥ and & cannot always
be uniquely determined from sensor output.

Model for Sensor Output
When the plate vibrates freely, the stress tensor is given by

T, 0 T
T={0 0 0 (11
T, 0 0

The strain tensor is given by
S=cT (12)

where ¢ is the compliance tensor for the composite material
(Tsai, 1987). The sensor perturbs the stress field in its near
vicinity, but we assume that this perturbation is negligible,
due to the small dimensions of the sensor. We further as-
sume that no slip occurs across the composite and ZnO inter-
face (perfect bonding). Therefore, strain is continuous. The
strain tensor has to be transformed to a cylindrical coordi-
nate system concurrent with the sensor (r¢, 8, y©). The trans-
formation matrix is given by

cosfcosa cos @sin o 0
A=| —sinea cos « o I (13)
sinfcosa sinfdsina cosé

In Figure 1 the system is shown with the sensor positioned at
a distance z, from the neutral plane and at an angle a with
respect to the positive y-axis. We will distinguish variables in
the cylindrical coordinate system by a superscript c. Hence
the transformed strain tensor is given by

S¢=A847. (14)

where A7 is the transposed matrix.

It is also assumed that no electric fields exist in the az-
imuthal and axial directions of the ZnO film and the c-axis of
the polycrystalline film is oriented in the radial direction.
(This assumption is quite valid in light of the strong self-tex-
turing of ZnO to grow normal to the c-axis on both amor-
phous and single crystal substrates.) Under open-circuit con-
ditions, the following relationship holds for the radial compo-
nent of the dielectric displacement vector

f DfdA =0. as)

where [dA is evaluated over the surface of the sensor. It fol-
lows from the relation between dielectric displacement, elec-
tric field and strain
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Figure 1. Cantilevered plate.

Drc = €S Ef+ ezlsge + ezSSfr + ezlsgz (16)

zz=r

that the electric field between the tungsten and the carbon
fiber is given by

ZZ zZZ 2z

Ef=—— , a7

fa4

The permittivity and piezoelectric stress tensors are given by
€ and e respectively (Auld, 1982). If the film thickness is / £
the signal output can be estimated in volt: V' = Elh. In eval-
uating the integrals of Eq. 17, we neglect angular variations
in strain. Strictly speaking, the stresses are smaller at the point
where the sensor surface is closer to the neutral plane and
larger where the sensor is farther away from that plane. If
the sensor diameter is small in comparison to the distance z,
angular variations can be neglected.

€1 €1 €3
[[—s—sg,, + S+ 58 |ad

Results

A plate constructed from carbon fiber and epoxy resin is
modeled. The plies are placed longitudinally in the X-direc-
tion of the composite. The free end is displaced by a dimen-
sionless distance of 5% (real distance = 0.05x L). The first
four eigenfunctions are used to approximate the initial condi-
tion. The elastic joint can be easily conceptualized as a line
along the width of the plate, where some fibers have been
damaged or the epoxy resin has cracked.

The working example is a plate measuring 100 mmX 15
mm X 1.5 mm. Suppose a sensor of length £ > L is placed
with its center (£/2) at the point (&, y) =(L/2, W/2). As the
sensor is pivoted around its center from a =0 to a =90°,
the length of the sensor that is embedded varies from W to
L. In Figure 2 the maximum output is shown for sensors posi-
tioned at values of a between 0° and 90°. It must be noted
that the coupling will differ for other types of loading (other
than bending). If more sophisticated models are used, which
would be appropriate for plates with different dimensions
(two-dimensional models), the coupling effect will be differ-
ent. The strongest coupling is found when the sensor is placed
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Figure 2. Effect of sensor position on signal output.

longitudinally along the plate; very little coupling is observed
for placement angles between 35°-40°.

Sensor output and damage

Define P1, P2 and P3 as the following three sensor posi-
tions:

P1: Sensor placed at (y —0.01, 0°)

P2: Sensor placed at (0, 90°).

Note that the position vector consists of the axial position
and the angle w.r.t. the Y-axis. In Figures 3 and 4 the sensor
output is shown for P1 and P2 respectively. In this case y
=(.25, and the damage level 8 is 0.1. The dimensionless
damping coefficient is taken as aj, = 1. The output of a third
sensor (P3) placed at (0.75, 0°) is shown in Figure 5. Sensors
P1 and P2 measure the primary frequency well, but higher
modes are not really significant; however, it is sensor P3 that
measures most of the higher mode interaction.

It is clear that transverse sensors positioned near the fixed
end measure predominantly the primary frequency; higher
frequencies are better detected when the sensor is positioned
near the free end. This observation becomes especially im-
portant for systems where the primary frequency is over-
damped. In overdamped systems, the only useful information
will be obtained from sensors placed near the free end, albeit
a much weaker signal. There are two reasons why longitudi-
nal sensors extending along the full length of the plate mea-
sure primarily the first frequency. The contribution of the
first mode dominates the total output (cf. Fourier coefficients
for initial displacement) and strain is a maximum near the
fixed end.

In Figure 6 the output is shown for an undamaged beam.
The sensor is placed at (0.75, 0°), and the same damping co-
efficient was used as in the previous cases. A comparison of
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Figure 3. Sensor P1 signal.
y=025,6=0.1.

Figures 5 and 6 gives a good indication of the differences
between an undamaged and damaged beam. Although small
quantitative differences exist between the signals of damaged
and undamaged plates, it is far from obvious to draw any
physically meaningful conclusions from such a comparison.

03

Volt

Figure 4. Sensor P2 signal,
y=0.25, § =0.1.

AIChE Journal



0.10
=
0.05 [ |
1
0.00 rf ]
o ‘
Q
> é
-0.05 '
-0.10 |-
_015 IS SRR VA ESU USSR SN NI YR S MU GHN T ST RSt
0 2 4 6 8 10
T
Figure 5. Sensor P3 signal.
y =075 8=01.

More distinct changes exist between the natural frequency
spectra of damaged and undamaged plates. In Figures 7 and
8 the primary and secondary frequencies are shown as func-
tions of & and +y. The functions show a sensitivity towards
damage position and magnitude of damage. These observa-
tions lay the basis for the inverse problem.
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Figure 6. Undamaged plate.
Sensor at (0.75, 0°).

AIChE Journal

Figure 7. Primary frequency vs. y and & (ap = 1).

Inverse problem

The solution to the inverse problem will provide us with
the position of the damage and the level of damage, but first
we must investigate the uniqueness of the inverse mapping.
The damage is exactly described by the location of damage
(v) and the extent of the damage (8). It follows that we need
two relations. The first one is obtained from a static test.
Consider the change in static deflection at the free end for
the same load as a damaged beam

udamaged - uintact = 36h(1 - 7)2 (18)

Figure 8. Secondary frequency vs. y and & (ap =1).
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A static test will provide a relationship between the extent of
the damage (8) and the position of the damage (y). A sec-
ond relation is necessary to define § and y uniquely, and it is
obtained from solving the eigenvalue problem. We can sub-
stitute & in terms of v from Eq. 18 and calculate w(y, 8(y))
from Eqgs. 7 and 8.

Example. To illustrate the solution of the inverse prob-
lem, consider the following (hypothetical) case:

A system similar to our working example has a damping
coefficient of ap=1. A static test of the system, based on a
5% deflection of the free end, gives the following result (see
Eq. 18)

u =0.0131

udamaged ~ Yintact

The Fourier transforms of the output of two sensors placed
at (0.75, 0°) and (0.25, 0°) respectively, give (w;, w,)=(3.08,
21.2). The frequencies differ from the values for an intact
beam, and we want to determine the location and magnitude
of the damage.

It follows from Eq. 18, that we can write & in terms of v.
The eigenvalue problem can then be solved for the primary
frequency over a range of y-values. The result is shown in
Figure 9. Note that the function is monotone, and the posi-
tion of the damage can be read from the graph at o = 3.08.
Both sensors indicate the damage to be positioned at y = 0.12.
From Egq. 18, it then follows that § = 0.13.

Now, suppose the primary frequency is not known. A very
likely reason is that the system is overdamped with respect to
the primary mode of vibration. The eigenvalue problem is
solved for the secondary frequency w, = w,[y, 8(y)], and the
result is shown in Figure 10. The sensor measured a sec-
ondary frequency (dimensionless) of 21.1. If one correlates
this frequency with vy, it follows from Figure 10 that there are
three different possible solutions.

Conclusions

A model] for a cantilevered plate has been used as an ex-
ample to develop some ideas for the manufacture of a mate-
rials system with self-diagnostic capabilities. All the ideas are
based on the assumption that a mathematical model exists
which accurately describes the behavior of the system. We
have modeled the signal output of ZnO-coated cylindrical
sensors placed at arbitrary positions in the plate. Sensor out-
put is sensitive towards the position of the sensor in the sys-
tem. Damage is introduced in the form of an elastic joint,
and in this study we limit the analysis to one dimension.
Therefore, damage can be uniquely described by the position
of the elastic joint and the magnitude of the jump condition
at the joint provided the damping coefficient is known.

Comparing damaged and intact systems small quantitative
changes are observed in the signal output, but it is found that
noticeable frequency shifts occur. The shift in natural fre-
quencies offers an attractive way to detect damage.

Sensors placed near the free end of the plate better mea-
sure higher-order frequencies, and this fact becomes espe-
cially important in overdamped systems when the inverse
problem is addressed. Using information of a static test, the
damage level can be expressed in terms of the position of the
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Figure 9. Projected primary frequency.

elastic joint (y). The eigenvalue problem can be solved for
different values of y and for different frequency modes. Cor-
relating primary frequencies with the eigenvalues, the inverse
problem can be uniquely solved. However, if no data on pri-
mary frequencies are available, or if the system is over-
damped with respect to the primary frequency, then the solu-
tion to the inverse problem is no longer unique.

23
22
L
21 j//
20 ;7/
o [
3 19 |
[
18 -
17 F
16 |
r /
1 ! . ] . A . 1

5 L
00 02 04 06 08 10
Y

Figure 10. Projected secondary frequency.
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Notation

A = transformation matrix defined by Eq. 13
¢ = compliance tensor, 1/Pa
C = damping coefficient, kg/m-s
D= plate flexural rigidity E, {, Pa-m*
D¢ = radial component of dielectric displacement vector, C/m>
e,;= elements of z-component of piezoelectric stress tensor, C/m?
Ef = radial component of electric field, V/m
E .= longitudinal Young’s modulus
h = thickness of ZnO film, m
I-; = thickness of plate
I=length of damaged section, m
L =length of plate, m
S = strain tensor
T = stress tensor, Pa
u = dimensionless transversal displacement, U/L
U= transversal displacement, m
x= axial distance, m
X = eigenfunction defined in Eq. 7
y=dimensionless transversal distance
t=time, s
W= width of plate, m
z, = distance between neutral plane of plate and sensor, m

Greek letters

a= angle between sensor and Y-axis of plate
y= dimensionless position of damage
6= dimensionless measure of damage, defined in Eq. 2
€f,=normal z-component of permittivity tensor, F/m
6= angular variable in cylindrical coordinate system
A,, = mass per unit length of plate, kg/m
A= eigenvalues of Eq. 7

&= dimensionless axial distance, x/L

p= density of plate, kg/m’

= dimensionless time, t/v/D/L',,

o= dimensionless frequency, defined by Eq. 8
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